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Dear Student,

b o o kl et

Test Version A
We are pleased to announce the launch of an extraordinary math contest for female students.
The Advantage Testing Foundation will hold its ﬁrst-ever Math Prize for Girls contest on Saturday,
November 14, 2009, at New York University in New York City. Our goal is to inspire young women
Directions

with exceptional potential to become the mathematical and scientiﬁc leaders of tomorrow. We will
award $43,000 in cash prizes, including a top prize of $20,000.
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We look forward to receiving your application. You might also let your friends know about this
n o t e s For more information about the Math Prize for Girls or about us, you can visit
unique opportunity.

us at mathprize.atfoundation.org.
1. This test contains 20 problems. You will have 150 minutes (2.5 hours) to take
Sincerely,

the test. Your score will be the number of correct answers.

2. Figures are not necessarily drawn to scale.
3. Good luck!
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Math Prize for Girls 2011
1. If m and n are integers such that 3m + 4n = 100, what is the smallest
possible value of |m − n|?

√
p
√
a+ b
2. Express 2 + 3 in the form √ , where a is a positive integer and
c
b and c are square-free positive integers.

3. The figure below shows a triangle ABC with a semicircle on each of its
three sides.

A

B

C

If AB = 20, AC = 21, and BC = 29, what is the area of the shaded
region?

4. If x > 10, what is the greatest possible value of the expression
(log x)log log log x − (log log x)log log x ?
All the logarithms are base 10.
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5. Let 4ABC be a triangle with AB = 3, BC = 4, and AC = 5. Let I
be the center of the circle inscribed in 4ABC. What is the product of
AI, BI, and CI?

6. Two circles each have radius 1. No point is inside both circles. The
circles are contained in a square. What is the area
√ of the smallest such
square? Express your answer in the form a + b c, where a and b are
positive integers and c is a square-free positive integer.

7. If z is a complex number such that
z + z −1 =

√
3,

what is the value of
z 2010 + z −2010 ?

8. In the figure below, points A, B, and C are distance 6 from each other.
Say that a point X is reachable if there is a path (not necessarily
straight) connecting A and X of length at most 8 that does not intersect the interior of BC. (Both X and the path must lie on the plane
containing A, B, and C.) Let R be the set of reachable points.
√ What
is the area of R? Express your answer in the form mπ + n 3, where
m and n are integers.
A

B

C
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9. Let ABC be a triangle. Let D be the midpoint of BC, let E be the
midpoint of AD, and let F be the midpoint of BE. Let G be the
AG
point where the lines AB and CF intersect. What is the value of
?
AB
Express your answer as a fraction in simplest form.

10. There are real numbers a and b such that for every positive number x,
we have the identity
tan−1

1 x
π
−
+ tan−1 (ax) + tan−1 (bx) = .
x 8
2

(Throughout this equation, tan−1 means the inverse tangent function,
sometimes written arctan.) What is the value of a2 + b2 ? Express your
answer as a fraction in simplest form.

11. The sequence a0 , a1 , a2 , . . . satisfies the recurrence equation
an = 2an−1 − 2an−2 + an−3
for every integer n ≥ 3. If a20 = 1, a25 = 10, and a30 = 100, what is
the value of a1331 ?

12. If x is a real number, let bxc be the greatest integer that is less than
or equal to x. If n is a positive integer, let S(n) be defined by

j n k
j n k
blog nc
+
10
n
−
10
·
.
S(n) =
10blog nc
10blog nc
(All the logarithms are base 10.) How many integers n from 1 to 2011
(inclusive) satisfy S(S(n)) = n?
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13. The number 104,060,465 is divisible by a five-digit prime number.
What is that prime number?

14. If 0 ≤ p ≤ 1 and 0 ≤ q ≤ 1, define F (p, q) by
F (p, q) = −2pq + 3p(1 − q) + 3(1 − p)q − 4(1 − p)(1 − q).
Define G(p) to be the maximum of F (p, q) over all q (in the interval
0 ≤ q ≤ 1). What is the value of p (in the interval 0 ≤ p ≤ 1) that
minimizes G(p)? Express your answer as a fraction in simplest form.

15. The game of backgammon has a “doubling” cube, which is like a standard 6-faced die except that its faces are inscribed with the numbers 2,
4, 8, 16, 32, and 64, respectively. After rolling the doubling cube four
times at random, we let a be the value of the first roll, b be the value
of the second roll, c be the value of the third roll, and d be the value
a+b
of the fourth roll. What is the probability that
is the average of
c+d
a
b
and ? Express your answer as a fraction in simplest form.
c
d

16. Let N be the number of ordered pairs of integers (x, y) such that
4x2 + 9y 2 ≤ 1000000000.
Let a be the first digit of N (from the left) and let b be the second digit
of N . What is the value of 10a + b?
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17. There is a polynomial P such that for every real number x,
x512 + x256 + 1 = (x2 + x + 1)P (x).
When P is written in standard polynomial form, how many of its coefficients are nonzero?

18. The polynomial P is a quadratic with integer coefficients. For every
positive integer n, the integers P (n) and P (P (n)) are relatively prime
to n. If P (3) = 89, what is the value of P (10)?

19. If −1 < x < 1 and −1 < y < 1, define the “relativistic sum” x ⊕ y to
be
x+y
x⊕y =
.
1 + xy
The operation ⊕ is commutative and associative. Let v be the number
√
7
17 − 1
v= √
.
7
17 + 1
What is the value of
v⊕v⊕v⊕v⊕v⊕v⊕v⊕v⊕v⊕v⊕v⊕v⊕v⊕v?
(In this expression, ⊕ appears 13 times.) Express your answer as a
fraction in simplest form.

20. Let ABC be an equilateral triangle with each side of length 1. Let X
be a point chosen uniformly at random on side AB. Let Y be a point
chosen uniformly at random on side AC. (Points X and Y are chosen
independently.) Let p be the probability that the distance XY is at
1
most √
. What is the value of 900p, rounded to the nearest integer?
4
3
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