tics

s

tics

s

s

Advantage Testing Foundation

Ath
rize For
irls
The Seventh
Annual

MATH PRIZE FOR GIRLS
Sunday, September 20, 2015

May 1, 2009

TE ST

Dear Student,

B O O KL ET

Test Version A

We are pleased to announce the launch of an extraordinary math contest for female students.
The Advantage Testing Foundation will hold its first-ever Math Prize for Girls contest on Saturday,
November 14, 2009, at New York University in New York City. Our goal is to inspire young women
DIRECTIONS

with exceptional potential to become the mathematical and scientific leaders of tomorrow. We will
award $43,000 in cash prizes, including a top prize of $20,000.
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To qualify2.for
the
Math
Prize,
you must
currently
be in
11th grade
or below.
Youname
musttag.
also have
Fill
out
the top
of your
answer
sheet. Your
student
number
is on your
test version
(A, B, C, or D)
is above on(AMC)
this page.
taken one of Your
the American
Mathematics
Competition
exams given in February 2009: the

AMC 10 or the AMC 12. You can apply online at our web site, mathprize.atfoundation.org. You will
may
usescore(s).
pencils, pens,
erasers.
may
the scratch paper
that we provide.
3. You
need to enter
your
AMC
Thereand
is no
fee toYou
apply
or use
to participate.
The application
deadline
usewe
calculators,
rulers,
protractors,
compasses,
graph
is May 22. ByYou
the may
end NOT
of May,
will let you
know
whether your
application
topaper,
take our exam has

books, or slide rules.
been accepted.
Write
your final
answers on14the
answer
sheet. Whentwo-hour
a problemexam,
specifies
a
The Math4.
Prize
contest
on November
will
be a challenging
comprising
particular
form for
thetest
answer,
write yourcreativity
answer inand
thatinsight.
form. Write
your
approximately
20 problems
that
mathematical
We will
announce the
clearly.
will collect
only the
answer
sheet from
you.
winners thatanswers
afternoon
at anWe
awards
ceremony
for the
contestants
and
their parents.

We look forward to receiving your application. You might also let your friends know about this
N O T E S For more information about the Math Prize for Girls or about us, you can visit
unique opportunity.

us at mathprize.atfoundation.org.
1. This test contains 20 problems. You will have 150 minutes (2.5 hours) to take
Sincerely,

the test. Your score will be the number of correct answers.

2. Figures are not necessarily drawn to scale.
3. Good luck!
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Math Prize for Girls 2015
1. In how many different ways can 900 be expressed as the product of two
(possibly equal) positive integers? Regard m · n and n · m as the same
product.

2. Let x and y be real numbers such that
2<
If

x
y

x−y
< 5.
x+y

is an integer, what is its value?

3. What is the area of the region bounded by the graphs of
y = |x + 2| − |x − 2| and y = |x + 1| − |x − 3|?

4. A binary palindrome is a positive integer whose standard base 2 (binary) representation is a palindrome (reads the same backward or forward). (Leading zeroes are not permitted in the standard representation.) For example, 2015 is a binary palindrome, because in base 2 it
is 11111011111. How many positive integers less than 2015 are binary
palindromes?
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5. How many distinct positive integers can be expressed in the form
ABCD − DCBA, where ABCD and DCBA are 4-digit positive integers? (Here A, B, C and D are digits, possibly equal.)

6. In baseball, a player’s batting average is the number of hits divided
by the number of at bats, rounded to three decimal places. Danielle’s
batting average is .399. What is the fewest number of at bats that
Danielle could have?

7. Let n be a positive integer. In n-dimensional space, consider the 2n
points whose coordinates are all ±1. Imagine placing an n-dimensional
ball of radius 1 centered at each of these 2n points. Let Bn be the
largest n-dimensional ball centered at the origin that does not intersect
the interior of any of the original 2n balls. What is the smallest value
of n such that Bn contains a point with a coordinate greater than 2?

8. In the diagram below, how many different routes are there from point M
to point P using only the line segments shown? A route is not allowed
to intersect itself, not even at a single point.
P

F

M

G
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9. Say that a rational number is special if its decimal expansion is of the
form 0.abcdef , where a, b, c, d, e, and f are digits (possibly equal) that
include each of the digits 2, 0, 1, and 5 at least once (in some order).
How many special rational numbers are there?

10. Among all pairs of real numbers (x, y) such that sin sin x = sin sin y
with −10π ≤ x, y ≤ 10π, Oleg randomly selected a pair (X, Y ). Compute the probability that X = Y . Express your answer as a fraction in
simplest form.

11. Let A = (2, 0), B = (0, 2), C = (−2, 0), and D = (0, −2). Compute
the greatest possible value of the product P A · P B · P C · P D, where
P is a point on the circle x2 + y 2 = 9.

12. A permutation of a finite set is a one-to-one function from the set onto
itself. A cycle in a permutation P is a nonempty sequence of distinct
items x1 , . . . , xn such that P (x1 ) = x2 , P (x2 ) = x3 , . . . , P (xn ) = x1 .
Note that we allow the 1-cycle x1 where P (x1 ) = x1 and the 2-cycle
x1 , x2 where P (x1 ) = x2 and P (x2 ) = x1 . Every permutation of a finite
set splits the set into a finite number of disjoint cycles. If this number
equals 2, then the permutation is called bi-cyclic. Compute the number
of bi-cyclic permutations of the 7-element set formed by the letters of
“PROBLEM”.
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13. Joel selected an acute angle x (strictly between 0 and 90 degrees) and
wrote the values of sin x, cos x, and tan x on three different cards. Then
he gave those cards to three students, Malvina, Paulina, and Georgina,
one card to each, and asked them to figure out which trigonometric
function (sin, cos, or tan) produced their cards. Even after sharing the
values on their cards with each other, only Malvina was able to surely
identify which function produced the value on her card. Compute the
sum of all possible values that Joel wrote on Malvina’s card. Express
your answer in simplified radical form.

14. Let C be a three-dimensional cube with edge length 1. There are 8
equilateral triangles whose vertices are vertices of C. The 8 planes that
contain these 8 equilateral triangles divide C into several nonoverlapping regions. Find the volume of the region that contains the center
of C. Express your answer as a fraction in simplest form.

15. Let z1 , z2 , z3 , and z4 be the four distinct complex solutions of the
equation
z 4 − 6z 2 + 8z + 1 = −4(z 3 − z + 2)i.
Find the sum of the six pairwise distances between z1 , z2 , z3 , and z4 .
Express your answer in simplified radical form.

16. An ant begins at a vertex of a convex regular icosahedron (a figure with
20 triangular faces and 12 vertices). The ant moves along one edge at
a time. Each time the ant reaches a vertex, it randomly chooses to
next walk along any of the edges extending from that vertex (including
the edge it just arrived from). Find the probability that after walking
along exactly six (not necessarily distinct) edges, the ant finds itself at
its starting vertex. Express your answer as a fraction in simplest form.
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17. Let S be the sum of all distinct real solutions of the equation
√
x + 2015 = x2 − 2015.
Compute b1/Sc. Recall that if r is a real number, then brc (the floor
of r) is the greatest integer that is less than or equal to r.
18. Let n be a positive integer. When the leftmost digit of (the standard
base 10 representation of) n is shifted to the rightmost position (the
units position), the result is n/3. Find the smallest possible value of
the sum of the digits of n.
19. Sabrina has a fair tetrahedral die whose faces are numbered 1, 2, 3, and
4, respectively. She creates a sequence by rolling the die and recording
the number on its bottom face. However, she discards (without recording) any roll such that appending its number to the sequence would
result in two consecutive terms that sum to 5. Sabrina stops the moment that all four numbers appear in the sequence. Find the expected
(average) number of terms in Sabrina’s sequence.
20. In the diagram below, the circle with center A is congruent to and
tangent to the circle with center B. A third circle is tangent to the
circle with center A at point C and passes through point B. Points
C, A, and B are collinear. The line segment CDEF G intersects the
circles at the indicated points. Suppose that DE = 6 and F G = 9.
Find AG. Express your answer in simplified radical form.
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